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Abstract 

^: 

' We consider a Cauchy problem for some family of linear g— difference-differential equations with Fuchsian 

. and irregular singularities, that admit a unique formal power series solution in two variables X{t, z) for 

I given formal power series initial conditions. Under suitable conditions and by the application of certain 

g— Borel and Laplace transforms (introduced by J. -P. Ramis and C. Zhang), we are able to deal with 
the small divisors phenomenon caused by the Fuchsian singularity, and to construct actual holomorphic 
solutions of the Cauchy problem whose g— asymptotic expansion in t, uniformly for z in the compact sets 
of C, is X{t, z). The small divisors's effect is an increase in the order of q— exponential growth and the 
^ : appearance of a power of the factorial in the corresponding ,-Gevrey bounds in the asymptotics. ^ 

J2 ■ Key words: q— difference-differential equations, q— Laplace transform, formal power series solutions, 

g— Gevrey asymptotic expansions, small divisors, Fuchsian and irregular singularities. 
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1 Introduction 

The second author has studied partial differential equations of the form 
(1) t^'-'dl'izd.rd^uit^z) = F{t,z,dt,d,)u{t,z) 



where S, ri , r2 are nonnegative integers and F is some differential operator with polynomial 
coefficients. These equations belong to a class of partial differential equations with both irregular 
I singularity at t = (in the sense of T. Mandai [21]) and Fuchsian singularity at z = 0. These kind 

of problems have been extensively studied in the literature, see for example [H HI IS [TTl [20l [30] 
for Fuchsian partial differential equations, and [6l ETJ [22] for irregular singularities. 

It is possible to construct formal power series solutions for the equation ([1]) of the form 
m>Q'^rn{t)z'^ with Coefficients in C[[t]], for given initial data 

(2) (5^^i)(t,0)=^i,(t)eC[[t]], 

< J < S" — 1, which are assumed to be 1— Borel summable with respect to t in some direction 
d G M. 

In the case ri = 0, it was shown in [18J that the formal series u{t,z) is 1— Borel summable 
with respect to t in the direction d if d is well chosen, as series with coefficients in the Banach 
space of holomorphic functions near the origin with the supremum norm. 
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In the paper |15) the case ri ^ was treated, noticing that the formal series u is in general 
no longer 1— Borel summable, but one can show the existence of actual holomorphic solutions 
u{t, z) which are Gevrey asymptotic of order larger than 1 to u{t, z) with respect to t in sectors 
centered at with finite radius in well chosen directions d G M. The reason for this different 
behaviour is the presence of small divisors introduced by the Fuchsian operator [zdzY^- More 
precisely, the singularities of the 1— Borel transforms Mum{T) accumulate to the origin in C as m 
tends to infinity, so that the 1— Borel transform (B'u)(r, z) with respect to t is only holomorphic 
on a sector with infinite radius centered at with respect to r. This induces a large multiplier 
effect on the th derivatives with respect to t of the actual solution of ([1]) constructed with the 
classical Borel-Laplace procedure u{t,z) = (LMu)[t, z) which grows like CKH\T{1 + ^1) for some 
C,K > and some 7 > 2 that can be expressed in terms of ri,r2, for all I > 0. 

In this paper, we study a g— analog of the problem ([I]), ([2]), discretized with respect to the 
variable t, where dt is replaced by the operator {f{qt) — f{t))/{qt — t) for g € C (which formally 
tends to dt as q tends to 1). Namely, we will consider the following linear g— difference-differential 
equation 

5-1 

(3) {{zd, + intaj^ + l)d^!x{t,z) = J]6,(z)(t<T,)™o,.(a^^x)(t,zg-™^.'=) 

k=0 

with given initial conditions 

(4) {diX){t, 0) = X,it) G C[[t]], < i < 5 - 1, 

where S',mo,fc,mi^fc are nonnegative integers, for < A; < S — 1 and where g G C such that 
l^l > 1, fjg is the dilation operator defined by {aqX){t, z) = X{qt, z), and bk{z) are polynomials 
in z. As in previous works [16], [T7], the map {t,z) i-^- (g™"'**, zg"™!'*) is assumed to be a 
volume shrinking map, meaning that the modulus of the Jacobian determinant |q|*"o,fe-"ii,fc ig 
less than 1. We will always assume that r2 > 1, while ri > 0. 

Advanced/delayed partial differential equations have also been widely studied, see for ex- 
ample [T2I [13l [21 |23l |29l |32], and some authors have considered the use of special functions 
transforms for the study of the asymptotic properties of the solutions of g— difference-differential 
equations |10^ . Our present work is a contribution to this area. 

It is not difficult to show (see Lemma[5]) that this Cauchy problem has a unique formal power 
series solution of the form 

Xit,z) = Y,X,{t)^, 

h>0 

where Xh{t) = Ylm>o fi^T-A^^ ^ h > 0. Our purpose is to construct actual holomorphic 

solutions of this problem that are asymptotically represented by X(t,z) in a precise sense. 
The key idea in our approach is the study of a related Cauchy problem, 

5-1 

(5) {{zd, + lY'T^-' + l)d^W{T,z) = Y,h{z)r'^''''{d^zW){T,zq~"''-^) 

k=0 

with initial conditions 

(6) idiW)iT,0) = WjiT)eC[[T]], 0<i<5-l, 

which, by the application of a g— Laplace transform in the variable r, provides information on 
our initial problem (see Lemma [6|). The g— Laplace transform we consider was introduced by 
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J. -P. Ramis and C. Zhang in [28], and in recent years it has been used with great success in 
the study of the asymptotic properties of solutions of g— difference equations, see [S], in much 
the same way as the classical Laplace-Borel transform has been applied to the asymptotic study 
of formal solutions to differential equations and singular perturbation problems in the complex 
domain (see the works of W. Balser [21 [3], B. Malgrange [19], J.-P. Ramis [26] or O. Costin [7]). 
This new Cauchy problem ([5]), ([6]) is studied in two respects. 

Firstly, assuming the initial conditions Wj are holomorphic and have g-exponential growth 
(of order 2) in a set Vq^ = {vq'^ : v ^ V, /i G Z}, y being a well chosen bounded open set in 
C\{0}, and with some restriction on the argument of q, we prove in Theorem [2] that there exists 
a unique solution of ([5]), (l6|), of the form 

(7) W{t,z) = Y,Wh{t)^, 

h>0 

holomorphic on Vq^ x C and of g-exponential growth (of order 1) in r, in the terminology of [28], 
uniformly for z in any compact set of C. The increase in the order may be seen as an effect of 
the small divisors appearing in the problem. 

Secondly, assuming the initial conditions Wj, < j < 5* — 1, are holomorphic near the origin, 
we prove in Theorem H] that the solution in ([7]) has coefficients Wh holomorphic in discs whose 
radii tend to as /i tends to infinity, in such a way that there exist constants Ci , Ti , Xi > 
such that 



sup \d^W,{r)\<Ci[-] — n!j!(j + l) "2 
■ran. ^^1^ ^-^1^ 



jV2 



for every n,j > 0. The important fact here is the g— exponential decrease of these bounds with 
respect to j, what will turn out to be crucial in the following. These two results allow us to 
analyze the asymptotic expansion of the g— Laplace transforms of the (Proposition [3|) , 
which is shown to hold in a common domain 7A,g,5,ro (see ([9]) for its definition) for all h >0. 

We are prepared to turn now to our main objective. Departing from formal initial conditions 
^j, < j < S — 1, whose g— Borel transforms Wj{T) (in the terminology of [28j) satisfy all the 
conditions in the previous two results, we are finally able to find a solution of our problem 
(Theorem [S]) in the form 

x{t,z) = Y,^',m){tf^, 

h>0 

which is holomorphic in 7A,<j,<5,ro ^ and such that given R > 0, there exist constants C > 0, 
D > such that for every n € N, n > 1, one has 



h>Om=0 



h\ r2 



for every t G Tx^q^s,roj ^ ^ D{0,R). Again one may note that the small divisors phenomenon has 
caused the appearance of the term r(^(re + 1)). 

The paper is organized as follows. Section [5] provides the facts concerning the g— Laplace 
transform. Section [3] is devoted to the study of a first auxiliary Cauchy problem in suitable 
weighted Banach spaces of formal Laurent series. This is needed in the following section, devoted 
to the proof of Theorem [2j A second Cauchy problem in weighted Banach spaces of formal Taylor 
series (Section [S]) is applied in the next Section, which contains Theorem U) Finally, Section [7] 
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consists of the construction of the solution, and it also contains some remarks on the nature of 
the solution in the special case that ri = 0, in which no small divisors appear. 

We fix some conventions. C* stands for C \ {0}, and N for the set {0,1,2,- ■■ }. D{0,r) 
denotes the open disc with center and radius r > 0. Given a set V C C and q € C, we define 

Vq^ = {vq'' -.veV, hGZ}, Vq^ = {vq'' : v e V, /i € N}. 



2 A analogue of the Laplace transform and g— asymptotic ex- 
pansion 

In this section, we recall the definition of a g— analogue of the Laplace transform introduced in 
the papers \28\ [3T] and some of its properties that will be useful in the sequel. For the sake 
of clarity, we include the proof of these results (mainly available in [31]), since they contain 
important estimates that will be used in the proof of our main result (Theorem [SJ . 

Proposition 1 Let q £ C such that \q\ > 1. Let V be an open and bounded set in C* and 
D{0,pq) a disc such that V r]D{0,pQ) ^ 0. Let (F, ||.||f) be a complex Banach space. Let 
(p : Vq^ U D{0, po) ^ ¥ be a holomorphic function which satisfies the following estimates : there 
exist C,M > such that 

(8) m^qn\\F<M\qr'/^c"' 

for all m > 0, all x £ V . Let Q be the Jacobi Theta function defined in C* by 

-n(n-l)/2 n 

Let 5 > and XgVH D{0, po). We denote by 

tq- 

The q— Laplace transform of (p in the direction \q^ is defined by 



(9) 7^A,,,5 = {^ eC* : |i + ^| >5,VfceZ}, Tx,q,5,n=nx,q,6nD{o,n] 



C^.mt) := J]<^(g'"A)/e(i— ) 



t 



for all t € Tx^q,s,ri, iffi < \\q ' \/C. Moreover, £g((/>)(i) defines a bounded holomorphic function 
on 7A,g,<5,ri with values in F when ri < \Xq^^'^\/C. Assume that the function (p has the following 
Taylor expansion 

n>0 ^ 

on D(0,po), where /n G F, n > 0. Then, there exist two constants D,B > such that 

n-l 

(11) \\c^,mt) - E /-^'iiiF ^ DB^\qr(^-'y^\t\^ 

m=0 

for all n > 1, for all t € Tx^q^s^n- 
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Remark: In the situation described by (fTTj) it is said that jCg (</>) admits the series X]m=o fmt"^ 
as Gevrey asymptotic expansion of order 1 (whenever the exponent of \q\ in the bounds is 
n{n — l)/(2r) the order is said to be r). Analogously, a function that satisfies estimates such as 
dSD is said to have (/—exponential growth of order 1 in Vq^. 

If 4){z) = J2n>o ^n-z" is an entire function such that there exists C > such that 

|a„| < Cexp(-(n - af /2) 
for all n > and some a > 0, then (j) satisfies the estimates ([8]). For a reference, see |25| . 



Proof Since the Theta function 0(x) satisfies the g— difference equation @{qx) = qxQ{x) for all 
X G C*, we get that 

(12) ®( = <;-(™+l)/2(^)m0(^) 

for all t G C*. Moreover, from Lemma 4.6 of [27], there exists Ki > such that 

(13) \@{q"'X/t)\ > |g|-"("-l)/2|M_j:|'^ 

for all t G 7^A,(j,(5) all m G Z. 

In the proof, we will show the estimates (jlip . From them one may easily deduce that the series 
defining C^{(l)){t) converges and defines a bounded holomorphic function on Tx^q^s^n ■ We would 
like to point out that many of the series following are initially formal, but we will finally prove 
their convergence. 

Let > be an integer. First of all, we give estimates for the sum Ylm>o^iq"^^)/®iq"^'^/^)- 
From the estimates p3p . we have that 

(14) M^)\>mqr^(^-'y'\^\^ 

for all t G Tlx,q,5- Using dS]), (fT2]) and 1^^, we get the estimates 

II <^(9™^) lip < _^(J_)i^|g|ii'(i<:-l)/2|^|i^(^. ^"1*1 \m 



"G(g"A/t)"^ - Ki6'\X\' ' ' '|A||g|i/2^ 

for all m > 0, all t G TZx^q^s- So that if we choose a positive real number ri < |A||g|^/^/C, then 
there exist Di, Bi > (independent of K) such that 

(15) Z^"G(g-AA)""-^^(^^) l*^' 

m>0 ' ^ 

for ah t G Tx,q,S,ri ■ 

In a second step, we give estimates for the sum Y^m<o4'{'l^^)/®('l"^^/'t^) ~ Yln=o f""-^"^ ^ where 
the fn are defined in the Taylor expansion (|10p . From the formula 



n(n— l)/2j.n 



Qiq^X/t) 
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for all n > 0, given in [28], we can write (at least formally) 

(16) Y.'^(rx)/eirx/t)-f:u- = Y.QT^A ■ 

m<0 n=0 m<0 ' ^ \n>K+l 



fn ( m,\\n 



E Jn \ ^ _l, 

n(n-l)/2 I e(g™AA) / 

n=0 ^ \m>0 'V 

for all t € C*. From the fact that (/) has convergent expansion (jlOp on D(0,pq), and since 
[Aj < po) there exist C, A > 0, with j4 < 1/|AI, such that 

for all n > 0. From (fT6|) and (fT7|l . we deduce that 

ft" 

(18) II ^ ,/)((z-A)/e(^-AA) - fnnk < A{t) + B{t) 

where 



m<0 n=0 



and 



A{t) = Y \ , ( y 

■m<0 ' ' ^' \n>K+l 

B{t) = YCA-(Y 

n=0 \m>0 



|(g'"A)"| \ 



|e(g-A/t)| r 



i>0 

for ah teC*. 

We give estimates for A{t). By summing up the geometric series (convergent because A|g|™|A| < 
^|A| < 1 for all m < 0) and changing m into — m, we first have that there exists D > such 
that 

(19) A{t) < DA^-^^ Y ^^7^'^^^''^' 



for ah t e C*. From flSl), we have that 



|e(g— AA)| > Ki5|gr^(^-i)/2|l^|^ 
for all m > 0, all i G T^\,q,s- We then have that 

(20) (|gr"'|A|)^+^ ^^\„\K(K-l)/2\.\K(Km 

('"^ |e(g-™AA)| (|g|^ 

for all m > 0, all t G T^x,q,s- From (fTOjl and ([20]) . we deduce that there exist D2,B2 > 
(independent of K) such that 

(21) Ait)<D2{B2f\qf'-''-'^/'\tf 
for all t G Tlx,q,5- 
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In the next step, we get estimates for B{t). From (jl3p . we have that 
for ah m > 0, ah t G T^x,q,5- We deduce that 

for all m > 0, all < n < K. From ([22]), the equality {K + l)K/2 = K + - l)/2 and 
the fact that \t\ < ri whenever t G T\^q^s,m we obtain that there exist D^^B^, > (independent 
of K) such that 

(23) B{t)<D3{B^f\q\''^''-'^/^\t\'' 

for all t e 7^,g,5,ri • 

Finally, using the estimates 

R' ft- 



J2 <A(g"^A)/e(g-AA) - J^/nt'^llF < II </.(g'"A)/G(g-A/t) - 5^/„t"||F 

n=0 

+ 11 j;<^(<?™A)/e(g™AA)||n 



n=0 m<0 n=0 



m>0 

we deduce from (USD, (HD, (EH), dM]) that 



(24) II ^ 0(g'"A)/e(g"A/t) - < Z)4(B4)''kl^(^-')/'|tl'^ 

n=0 



for some 1)4, i?4 > (independent of X). Now, for K ^ K > 1 one may write 

K-l K 

II ,/.(g-A)/e(9-A/t) - fnHk < II E '/'('?"^A)/G(g-AA) - ^ /X||f + ||/A't^||F 

mgZ n=0 mgZ n=0 

and take into account (l2¥|l and (fT7|) in order to obtain (fTTj) . as desired. □ 



Proposition 2 Lei V be an open and bounded set in C* and D(0,pq) be a disc such that 
V n D{0,p(j) ^ 0. Let (f> be a holomorphic function on Vq^ U D{0,pq) with values in (F, ||.||f) 
which satisfies the estimates : There exist C, -ftT > 0, such that 

(25) I |</'(xg™) I If < i^kr'/^C"" 

for all m > 0, all x € V. Then, the function M(j){T) := tcI){t) is holomorphic on Vq^ U D{0, po) 
and satisfies estimates of the form Let X £ V H D(0,po). We have the following equality 

C^{M<P){t)=tC^mqt) 
for all t e rx,g,5,ri, ifri < \\q^'^\/{C\q\). 
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Proof Prom the estimates (j25p . we get a constant r > such that 

||(M0)(xg-)||F<ri^kr'/2(k|Cr 

for all m > 0, all X G V. From Proposition 1, we deduce that C^{M4>){t) defines a holomorphic 
function on Tx^q^s^m if H < |'^'i'"'^^^|/(C'|'i'|)- On the other hand, 

But we have that 

t g™A 



@{q^\/{qt)) Q{q^\/t) 

for all m ^ "L. Indeed, put y = q^\/{qt) in the identity Q{qy) = qyQ{y). From (|26|) . we get 
that 

meZ ' 

for all t E Tx,q,s,ri ■ n 
For convenience, we recall the following concepts. 

Definition 1 A series f{t) = J2n>o ^ is said to be q—Gevrey of order 1 if its so-called 
formal q—Borel transform of order 1, 



4/» = Ew^-^ 

n>0 ^ 



converges (i.e. it has positive radius of convergence). 

The formal q— Laplace transform of order 1 of a series g{T) = J2n>o 9^"^^ ^ ^^IM] ^-^ defined as 

n>0 

so that these formal transforms are inverse of each other. 

It is immediate to check that, in agreement with Proposition [2l we have that for every 

(27) Cq{Tg)it) = tCqg{qt). 



3 A Cauchy problem in a weighted Banach space of formal Lau- 
rent series 

With the help of the g— Laplace transform we will change our initial problem ([3]), dH into an 
equivalent one ([5]), ([6]), whose study will require the consideration of two auxiliary Cauchy 
problems. The first of them, which we are going to present in this Section, will be crucial in 
the study of the g— exponential growth of the coefficients of a solution of ([5]), i^. Although our 
equation involves a complex number q with \q\ > 1, in this Section and in Section [5] we will be 
only concerned with the value \q\, so we directly work with a real value q > 1. 
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Definition 2 We consider the vector space (-p x) of formal Laurent power series 

(28) vic,x)= vi,hC'^^m,r\x]] 

iez,h>o 

such that 

lim-)ll(T,x):= E M^'4?<-' 
iez,h>o ^ 

where T,X > 0, q > 1 are positive real numbers and where 

pn M - / ll^ + hlh-^h^ ifl>0,h>0, 
^ ' ' ~ \ -(l/2)/i2 ifl<0,h>0. 

The space (Eg^c^.x)) IMI(T,x)) ^•s a Banach space. 

Remark: Notice that we have a continuous inclusion (Eg (tx')' IMI{t,X')) ^ (^q,(T,x)-, ll-ll(T,x)) 
when {)<X <X'. 

We consider the integration operator defined on C[[^, ^^-"^j x]] by 

l£Z,h>l 

Lemma 1 Let mi, s, hi, h2 > be nonnegative integers. Let T,X > 0. Assume that the 
inequalities hold 

(29) s + h2>2hi , mi>s + h2. 
Then, there exist C > (depending q, s,hi,h2,mi) such that 

(30) < CX(^+^^)||y(e,x)||(p,^) 

for all Vie, x) eEg^(^T,x)- 

Proof Let V{e,x) £ C[[^,^-\x]] as in d^S]). We have that 
From the definition of the norm 1 1 . 1 1 (t, x ) ; '^^ get that 



(31) ||..(a-'y)(,'-.«.-±,)||„,,,= 2 i^S^^' 



mi^lH^:^J qP{l,h~{s+h2)) (h-(s + h2)y. 

^ l£Z,h>h2+S ^ \ \ I ZJJ 



X 



1 ih-is + h2))[^s+f,^ 



jP{l,h)-P(l,h-{s+h2))-hil+mi{h-s) {J^ _ 

In the rest of the proof, we will show that there exists a constant C > (depending on q, 

s,hi,h2,mi) such that 

^^'^^ (jP(l,h)-P{l,h-{s+h2))-hil+mi{h-s) - ^ 



10 



for all / G Z, /i > 0. Indeed, if / > 0, then 

Pil, h) - P{1, h-{s + h2)) - hil + mi{h-s)= /(^^ - hi) + h{mi -{s + h2)) 

, {s + h^f 
- mis H 

for all h > 0. From the assumption (|29p . we deduce that the inequalities ()32p hold for / > 0, 
h>0. 

If / < 0, then 

P{1, h) - P{1, h-{s + /i2)) - hil + mi{h-s) = l{-hi) + h{mi - (s + /is)) - mis + ^^^^"^ 

for all /i > 0. From the assumption (|29p . we deduce that the inequalities (j32p hold for / < 0, 
/i > 0. 

Finally, the inequality pop follows from the expression (|3ip and the estimates ([32]). □ 

Lemma 2 Let s,hi > and Tq,Xq > 0. T/ien, i/iere exists a constant Ci > (depending on 
q, s, hi,TQ, Xq) such that for all < Xi < XQq~^ and for all Ti > satisfying 

(33) q-'^^To <Ti< Togt-'^i 
one has 

(34) \\x'V{q^^^,x)\\^T„x,) < Ci|[y(e,x)||(To,Xo) 
/or all V{^,x) G Eg_(r^^Xo)- 

Proof Let V{^,x) € C[[^, x]]. From the definition of the norm ||-||(t,x); one can write 



(35) \\x^Viq'^C,x)\\^r.,x.^= ^ Pid)To^^ 



qP{l,h)-~P{l,h-s)-h,l^T^) ^Xo' ° 

In the rest of the proof, we will show that there exists a constant Ci > (depending on q,s,hi] 
such that for all < Xi < XQq~^ and all Ti satisfying ()33p . one has 

1 /Tly^Xi^f^ 
to -'^O ' 

for ah / G Z, all /i > 0. 
If / > 0, then 

2 

P(/, /l) - P{1, h-s)-hil = iC- - hi) + h{-s) + y 

for all /i > 0. So, we get that ([36]) holds for ah / > 0, all /i > 0. 
If / < 0, then 

P{1, h) - P{1, h-s)-hil = l{-hi) + h{-s) + — 



for all /i > 0. Hence, we get that ([Ml) holds for ah / < 0, all /i > 0. 

Finally, the inequality follows from the expression ([35]) and the estimates ([36p . □ 
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Lemma 3 Let /i2 > and To,Xq > 0. Then, there exists a constant C2 > (depending on 
q, /i2, To, Xq ) such that for all < Xi < Xqq^^^ and for all Ti > satisfying 

(37) To < Ti < Toq''^/^ 
one has 

(38) \\d-'''V{^,x)\\(^T„x,) < C2\\V{^,x)\\(^To,Xo) 
for all V{(,x) G Eg^(ro_Xo)- 

Proof Let V{(,,x) G C[[^, a;]]. From the definition of the norm ||.||(t,x)) one can write 

Ie1,h>h2 



(39) p-'^^mx)llm,x.)= E J^iiS^^o|^ 



1 j/i-/i2)!^,,. 



p(i,h)-P{i,h-h2) ^ To ^ ^ ^ /i! 
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In the rest of the proof, we will show that there exists a constant C2 > (depending on q, /12) 
such that for all < Xi < Xqq'^^ and Ti satisfying ([37|) one has 

(40) ^P(/,h)-pa,h-h,)(^)'(|^)'' ^ ^-2 

for all Z G Z, all /i > 0. 
If / > 0, then 

p(/, /,) _ p(;, - /,2) = 1(1^) + /i(-/i2) + M 



for all h>0. Hence, we get that (gO]) holds for ah l>0, &llh> 0. 
If / < 0, then 

P(/, /i) - P(/, /i - /i2) = h{-h2) + hi 
for all h>0, and we get that (gOD holds for all / < 0, all /i > 0. 

Finally, the inequality ()38p follows from the expression ([39]) and the estimates (j40p . □ 

Let S,mQ^k,^i,k, 0<k<S — lhe positive integers. Let V the linear operator from C[[^, ^^""^j x]] 
into C[[^,^~^,x]] defined by 

5-1 

V{V{^,x)) := d^V{C,x) -J2ak{xMV){q^°^^^,x/q"'^^^), 

k=0 

for all V G C[[.^, x]], where afc(x) = X^^g/^, afcsa;'* G C[x], with be a finite subset of N, for 
< A; < S" - 1. 

We make the following hypothesis. 

Assumption (A) For all < /c < S — 1, for all s G /fc, we have 

s + S — k > 2mQ , mi > s + S — k. 
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We consider the operator A from C[[^,^ into C[[^,^ defined by 

s-i 

k=0 

foral\VeC[[^,r\x]]. 

From Lemma 1, we deduce the following 

Lemma 4 Let T > 0. Then, there exists X > such that A is a linear bounded operator from 
{^q,(T,x)j\ \ ■ ||(T,x)) ii^to itself. Moreover, we have that 

\\A{Vi^,xm(T,X)<\\\V{^,x)\\^T,X), 

for allV eEg^(T,x)- 

From Lemma 4, we deduce the next 

Corollary 1 Let T > 0. Then, there exists X > such that V o is an invertihle linear 
operator from (Eg (j' x)) IMI(T,x)) ^'^^o itself. In particular, there exists C > such that 

md-''b{^,xm^T,x)<c\m,x)\\iT,x) 

for all b{^,x) G ^q,(T,x)- 

Definition 3 Let Tqj > 0, < j < 5 — 1 be real numbers. We say that (roj)o<j<s-i satisfies 
the assumption (B) if 

1) The set 

s+j-k-2mQ V. 

T := no<ifc<5-i r^k<j<S-l,seIk ['l~"'°-''To,j,Tojq^ 2 )] 

is not empty, 

2) There exists Ti G T such that 

Ti := [ri,Tig^/2]pnf-oi[ro,,-,ro,,-g^-/2] 

is not empty. 

Example: Let 5 > 1. For all < /c < S" — 1, let C N such that s ^ implies s > 2mQj~ + k. 
For all < J < S" - 1, we put To^- = Tq > 0. Then, we have that Tq e T and that Ti = {Tq}. 
So that {To,j)o<j<s~i satisfies the assumption (B). 

Theorem 1 Let S >! be an integer. For all < k < S — 1, let mo^fc) "^i,fc be positive integers 
and afc(x) = J2seik ^^^s^^ ^ C[x]. We make the hypothesis that the assumption (A) holds. 

We consider the following functional equation 

S-l 

(41) = ^afc(x)(9,^y)(0>'=^,x/g-^.'=) 

k=0 

with initial conditions 

(42) {diV){^,0)=MO , 0<j<5-l. 
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We assume that cj)j{^) £ Eg j^y^^ x^), for < j < S — 1, where Xq > and (2oj)o<j<5-i 
satisfy the assumption (B). Then, there exists X > and for T G Ti, the problem ^JJ^, 
has a unique solution V{(,,x) G E^(tx)- Moreover, there exists C > (depending on 
S,q,ak{x),mQ^k,iT^i,k, for < k < S — 1 and Xq,Tqj, for < j < S — 1) such that 

S-i 

\\v{^,x)\\^T,x)<cY,\\HmiTo,„xoy 

j=0 

Proof A formal series V{^,x) € C[[^, x]] which satisfies ()42p can be written in the form 
V{^,x) = d~^U{^,x) + I{^,x) where 

and U{S,,x) G C[[^, ^^-"^j x]]. A formal series V{(,,x) € C[[^,^^^,x]] is a solution of the problem 
dH]), ([^2]) if and only if U{^,x) satisfies the equation 

(43) P(a-^C/(^,x)) = -P(/(e,x)). 
By construction, we have that 

From Lemma 2 and the assumption (B), there exists Xi > such that for all Ti € T we have 
that 

x^+^-%{q^o,^O^^g,(n,X,) 

for all < A; < 5 — 1, all A; < j < — 1, all s G /fc. Moreover, there exists Ci > (depending 
on Ik,j,mo,k,Xo,Toj) such that 

(44) l|x^+^-V,(0-'=e)ll(T„x,) < C^\\<p,m\iTo,„Xo)■ 

We deduce that P(/(^,x)) € K^^^^j'^^Xi) ^^'^ from ([H]) there exists a constant C[ > (depending 
on q,ak{x),mo^k,mi^k, for < < 5* — 1 and Xo,Tqj, for < j < S* — 1) such that 

s-i 

(45) ||P(I(e,x))||(T„xo<ClEll'^i(^)ll{ro,„x„)- 

j=0 

From Corollary 1, we deduce that the equation (fl3|) has a unique solution [/(^,x) G Eg (^-^ ^i)- 
Moreover, there exists a constant C2 > (depending on g,afc(x),mo,A;,mi fc, for < A; < S" — 1) 
such that 

(46) ||^(e,a:)||(Ti,xo < C2|lP(/(e,x))||(T„Xi)- 

Now, from the assumption (B), we choose Ti € T in such a way that Ti is not empty. Let 
T2 G Ti. From Lemma 3, there exists X2 < Xi such that d~^U{^,x) G Eg j-j-^ Xj)- Moreover, 
there exists a constant C3 > (depending on q,S,Ti,Xi) such that 

(47) \\d~'^UiC,x)\\^T„x,) < C3||f/(e,x)||(T„xo 
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From Lemma 2, there exists X3 < X2 such that E Eg j^j-^^Xs)- Moreover, there exists a 

constant C4 > (depending on S,q,TQ^j,XQ, for < j < — 1) such that 

(48) l|/(e,a:)||(T.,X3) < C^4E ll'^i(^)ll{To,„Xo)- 

j=0 

Finally, the formal series V{^,x) = d~^U{£,,x) + I{^,x), solution of the problem (j3T|, (|12]) . 
belongs to cpj.Xa)- Moreover, from the inequalities (05]), (06]), (fI7|) and (jlH]) . we get a constant 
C5 (depending on S,q,ak{x),mQ^k,^i,k, ioi < k < S — 1 and Xo,Toj, for < j < 5" — 1) such 
that 

5-1 

\\V{^,x)\\^T,,Xs)<C,Y.\\Mm(To,„Xo)- 
j=0 

□ 



4 A Cauchy problem in analytic spaces of exponential growth 

Let 5 > 1, ri,r2 > be integers. For all < A; < 5 — 1, let mo,fc,mi^fc be positive integers and 
bkiz) = J2seik bksZ^ be a polynomial in z, where Ik is a subset of N. 

Lemma 5 For every choice of formal series Xj G C[[t]], < j < 5 — 1, the Cauchy problem 

^ has a unique solution in the form of a formal power series X{t,z) =^Xh{t)j-^, where 

h>Q 

Xh G C[[t]] for every h>0. 

Proof Let us put Xhit) = Ylm>o fm,ht"^, h > 0, fm,h £ C. By substituting X in ([3]), one can 
check that the left hand side turns out to be 

,'■2-1 00 h 



h>0 m=0 m=r2 

while the right hand side is 

S-i 



h\ 



EE E 



h>0 k=0 hi+h2=h,hieh 

The values fm,hi m>0, 0<h<S — 1, are given by the initial conditions. We begin obtaining 
fm,s, rn > 0. We look at the coefficients of z^ at both sides and impose them to be equal: 

r2 — 1 00 5—1 

m=0 m=r2 k=Q Oe/fc 

Since the right hand side is determined by the Xj, < j < S — 1, we can recursively obtain 
the /m,S; m > 0, by imposing the equality of the coefficients of in each side for every 
m = 0,l,2,... 

We can repeat this argument in a similar way as the second index in ^ increases. □ 
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With the help of the g— Laplace transform, we reformulate our problem. Consider the Cauchy 
problem 

5-1 

(49) {{zd, + l)^^r^2 + l)d^W{T,z) = J2h(.z)T^'''Hd^,W){T,zq-'^^''') 

k=0 

with initial conditions 

(50) idiW)iT, 0) = Wjir) G C[[r]] , < j < S - 1. 

Lemma 6 The formal series X{t, z) = Xh{t) — , where Xh G C[[t]] for every h > 0, satisfies 

h>0 

the Cauchy problem if and only if the formal series W{t,z) = ''^^^q-^h{T)-^ satisfies 

h>0 

the Cauchy problem gpp, ^ with Wjir) = BqXj, 0<j<S-l. 

Conversely, W{t,z) = ''^^^h{T)j^ , with Wh S C[[r]] for every h > 0, satisfies the Cauchy 

h>0 

^ ^ ^ 

problem ^J^i / f50|) if, and only if, the formal series X(t, z) = CqWh{t)^^ satisfies the Cauchy 

h>0 

problem (^j, g]) with Xj{t) = £qWj{t) forO<j<S-l. 

Proof It suffices to insert each series in the corresponding Cauchy problem and apply ()27p . □ 

Let V be an open and bounded set in C*, and q (z C with \q\ > 1. In the following result we 
study the g— exponential growth of the coefficients of a solution to the Cauchy problem (jl9|) . 
(|5Up . We will depart from initial conditions Wj, < j < S — 1, holomorphic in Vq^. We make 
the assumptions (A) and (B) in the previous Section, so that we may apply Theorem [H and 
we also suitably choose q and V in order to deal with a small divisors problem. 

Theorem 2 Let the assumption (A) ( of Section be fulfilled by the sets Ik and the integers 
mo,fc,mi,fc, for < k < S - 1. 

1) We make the following assumptions on q and on the open set V: q is of the form q = \q\e'^^ , 
with ^ = ^ for some 6 G N, 6 > 1. If we denote 

V' = :xeV}, 

we assume that there exists e G (0, min{7r/6, 7r/2}) such that 

1=0 

where S{d, 99) stands for the unbounded sector in C with vertex at 0, bisected by direction d and 
with opening ip. 

2) The following assumptions on the initial conditions hold: Let (roj)o<j<5-i be a sequence 
satisfying the assumption (B), there exists a constant Kq > such that 

(51) sup \Wjixq')\ < Ko\q\"^'\,^y-^ , sup \W,ixq-')\ < KoiTo,)' 
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for allO<j<S-l, all I > 0. 

Then, there exists a unique solution of ^J^, Ii5(j\) 

h>0 

which is holomorphic on Vq^ x C. Moreover, for all p > 0, there exist two constants C, T > 
(depending on p,S ,\q\,bk{z),mQ^k,^i,k, for < k < S — 1 and Tqj, for < j < S — 1) such that 

(52) sup \W{xq',z)\<CKo\q\-2'\h' , sup \W{xq-' , z)\ < CKqT^ 
xeV,zeD{0,p) J- x&V,z£D{0,p) 

for all I > (where Kq > is defined in i51\} ). 

Proof From the hypothesis 1) in the statement, there exists 5 > such that 

(53) lih + iy^x^'^q''^^ + l\> 5 

for aU / € Z, all /i > 0, all x € V. We consider the sequence of functions Whir), h > S, defined 
as follows 

f54) Wh+s{xq^^y^ bkh,x"'0:'q"'o.^' Wh,+k{xq') 

k=0 hi+h2=h,hi&Ik ' J '"^H 

for all h > 0, all I £ Z, all x V. One checks that the sequence W/i(r), /i > 0, of holomorphic 
functions on Vq^, satisfies the recursion ()54p if and only if the formal series 

W{T,z) = Y;^W,{rf^ 

h>0 

in the z variable, satisfies the problem (jl9|) . ([50]). From this we deduce that the solution W, if 
it exists, is unique. 

According to (f5T]) and ([5l|l . we can recursively prove that the sequence {wi^h)iez,h>o defined by 

(55) wi^h = sup \Wh{xq^)\, 

x&V 

for all / € Z, all /i > 0, consists of positive real numbers. Due to (f53|) . the sequence {wi^h)iez,h>o 
satisfies the following inequalities: There exists r > (depending on mo^fc, V) such that 



wi,h+s ^ \hhi\r\q\"'°-''^ WiM+k 



k=0 hi+h2=h,hi&h ' ' 

for all I £Z,3llh> 0. 

We consider the sequence of real numbers {vi^h)iei,h>o defined by the following recursion 
vi,h+S '(T^ \bkhi\r\q\"^'>'''^ viM+k 



k=0 hi+h2=h,hi&Ik 
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with initial conditions Vij = Wij, for < j < — 1, all / € Z. By construction, we have that 

(57) wi^h < vi,h 
for ah / G Z, all /i > 0. 

In the following, we put a^ix) = ^sg/^,(|^fcsk/<^)2;'* for < A; < S* — 1 and we consider the formal 
Laurent series 

iez,h>o 

From the recursion ()56p . we get that V{(,,x) satisfies the following Cauchy problem 

5-1 

(58) d!v{^,x) = Y.ak{x){d^^VmQn',x/\qr^^) 

k=0 

with initial conditions 

(59) {diV){^,0)=(PjiC):=Ywije 

From the hypothesis dSI]), we get that i?!)j(^) belongs to E|q| (2jj ^ jj^y), for all Xq > 0. By hypothesis, 
the assumption (A) holds for the sets Ik and the numbers rriQ^ki'mi^k and the assumption (B) 
is fulfilled for the sequence Tqj, < j < S" — 1. From Theorem 1, we deduce that the unique 
solution y(^, x) of the problem ([58]) . ([59]) satisfies V{^,x) € IE|g|,(T,x) for a real number X > 
and T G Ti. Moreover, there exists a constant C > (depending on 5,|g|,afc(a;),mo,fc)"ii,fc) foi' 
< A; < S — 1 and X^^T^^j, for < j < — 1) such that 

5-1 

(60) limx)||(T,X) <C j;||<A,(OII(To,,Xo)- 

i=o 

From the inequality P{l,h) < ^ - ^, for alH E Z, /i > 0, and dMl) we get that there exists 
a constant C" > (depending on S,\q\,ak{x),mQ^k,mi^k-, for < /c < S" — 1 and Xq,Tqj, for 
< j < 5 - 1) such that 

(61) \vi,H\<KQC'\q\'i\q\^h\{^)\^f , \v^i^h\ < KQC'\q\^T'h\{^f 

for all / > 0, all /i > 0, where Kq is the constant introduced in ()5ip . From the inequalities ([5 
and (j6T]) . we get that 



sup^^ \W{xq\z)\<K,C'\q\^{^)\Y,\q\~^''\j^f) 



xgy,2GD{o,p) 



h>0 



sup |T^(xg-',z)| < KoC'T^iV] \Q\''''^\^f) 

x€V,zGDiO,p) f^^Q X 

for ah / > 0, aU p > 0. So that the estimates ([52]) hold. □ 
Remark: Condition 1) in the previous statement could be replaced by a more general condition. 



namely: Let q and V be such that ()53p is verified for some 6 > and for all / E Z, all /i > 0, all 
x G V. However, we preferred to use 1) because of its easy geometrical interpretation. 
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5 Second auxiliary Cauchy problem 

We now suppose that the initial conditions W^, < h < S — I, (|49|) . (|5Up are holomorphic 
in suitably small neighbourhoods of 0. Our next aim is to obtain information on the rate of 
decreasing of the derivatives of the functions W^, h > 0, coefficients of the solution constructed 
in Theorem [21 near the origin. This will be done in the next Section, where we will need the 
second auxiliary Cauchy problem we deal with in this Section. 

Definition 4 Let q > 1 be given. Let us consider the space H^^^ x) of formal power series 

l>0,h>0 

such that 

l>0,h>0 

where T,X are positive real numbers. 

The space (H^j^ j^^), | • \'(^rp x)) is a Banach algebra. 

Remark: We have a continuous inclusion (IHI^j^ j^^/), | • {'(^j' x')) ^ 0^{T,x)A ' I(tx)) whenever 
0<X <X'. 

We can easily prove the following result, along the same lines as Lemma [1] in Section [3j 

Lemma 7 Let m, s,h > be nonnegative integers such that m > s + h, and let T, X > 0. Then, 
there exists C > such that 

\^'(d-^ym ^)\[t,x) < CX^+'\V{tx)\[T,x) 

for all V{tx) G M^t,x)- 

The following is immediate from the definition of EI(t x) • 

Lemma 8 Let T,X > 0. The series R{^) = Yl'iZo'^^'^^^'' > considered next, belongs to 

H(T,X) tf) o,nd only if T < 1/2. 

Let 5, mi^fc, < A; < 5 — 1, be positive integers. Let T be the linear operator from C[[^,x]] 
into C[[^,x]] defined by 

5-1 

T{V{tx)) := d!v{C,x) -Y,Ck{x)R{CMvmx/q"^^-''), 

k=0 

for all V G C[[^, x]], where 

Ck{x) = 'Y \bks\x'' , 0<k<S-l, 
and R{£,) is the one in Lemma [H 
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We consider the operator B from C[[^, x]] into C[[^,x]] defined by 

5-1 

k=0 

for all V e C[[^,x]]. 

From now on in this Section, we will make the following 

Assumption (A2) For all < A; < S — 1, for all s € 1^, we have 

n^i,k > s + S — k. 

From Lemmas [7] and [8] we deduce the following result. 

Lemma 9 Let T € (0, 1/2). Then, there exists X > such that B is a linear bounded operator 
from (EI(Tx), I • l(j^j^)) into itself, and 

IWe,a:))r(r,x)<^im^)l(T,x), 

for all V G M(^t,X) ■ 

From Lemma El we deduce the next 

Corollary 2 Let T G (0,1/2). Then, there exists X > such that F o is an invertible 
linear operator from (H^j^x)) I ' I{tx)) ^^^'^ itself. In particular, there exists C > such that 

\Hd^'b{^,x))y,x)<Cmx)\[T,x) 

for all b{^,x) GM(r,x)- 

Theorem 3 Let us consider the Cauchy problem 

s-i 

(62) 5fy(^,x) = Y,c,{x)R{0{d',V)iC,x/\qr^>') 

k=0 

with initial conditions 

(63) {diV){^,0)=<f>j{(), 0<j<S-l, 

and assume that G M^^j^^^ . ^Xq) > < j < S — 1, where Xq > and Tqj > for j = 

0,1,..., 5 — 1. Then, for every positive number Ti < min{To^i, . . . , To^s_i, 1/2}, there exists 
Xi > such that the problem \6^) . i63\) has a unique solution V{S,,x) G BI(j^^ Xi)- Moreover, 
there exists C > (depending on S,q,XQ, and Ck{x),mi^k^TQ,k for Q < k < S — 1) such that 

S-i 

\V{i,x)\\^^^^^^<cY,\m)\[n,„x,y 

3=0 



Proof It heavily resembles that of Theorem [Uso we omit it. 



□ 
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6 Estimates for the derivatives of Wj near the origin 

In the Cauchy problem (|49|) . (|5U|) we consider initial conditions Wj which are holomorphic 
functions respectively defined in open sets containing the closed disc 

Dj = {T:\T\<l/{2{j + lY^/^^)} 

for < j < S — 1 (for the sake of brevity, we say that Wj is holomorphic in Dj). Then, Cauchy's 
integral formula for the derivatives allows us to obtain constants Aj > such that for every 
natural number n > we have 

max|5"VF,(T)| < A^nl. 
So, the assumptions in the following result are not restrictive. 



Theorem 4 Consider the Cauchy problem ^9^, \5U\) . Suppose Wj{T), < j < 5 — 1, are 



holomorphic functions in Dj such that there exist constants Tqj > and a constant K > such 
that 

/I \ ^ r? ' 
m^\d-W,{T)\<K(—) 

for n > 0, j = 0,1, S — 1. Then there exists a formal solution of i50\} . 

yh 



W{T,z) = J2WH{Tf 



h>0 



where Wh is a holomorphic function in = {r : [r| < l/(2(/i + l)''^/''^)}, h > S. Moreover, 
there exist constants Ti,Xi > such that 



(64) sup \d-W,{T)\<Ci[^y\^yn\j\{j + l 



irin/r2 /2 



for everyn,j > 0, where Ci is a positive constant (depending on S,q,bk{z),mi^k, forO < k < S—1 
and Tqj, for < j < S — 1). 



Proof We look for formal series solutions of ()49p , (jSOp of the form 

W{T,z) = Y,WH{r)^, 

h>0 

which leads to the equalities 



^ ' hi ^ ^ ((/i + l)^ir'-2 + l)/i2!o'^i,fc^2' 

for all /i > 0. These equations recursively define in a unique way the sequence {Wh}h>Q, and 
we easily see that Wh is holomorphic in Dh = {t : |r| < l/(2(/i + lY"^/^'^)}, h > 0. We aim at 
estimating the rate of growth of the derivatives of in D^- 

Let no be a natural number. Differentiating no times in (|65p we get 

.... d^'Wh+s{r) _ 'y^ ^ , no! , . r-^"^" . d'^Wh,+k{r) 

^ ' h\ 2^ 2^ "'^^i V(/i + lWr-2 + 1)^ h2\q"'^^^^^ ■ 

k=0 hx+h2=h,hi(ilk h+l2=no ' ) 
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It is clear that 
(67) 

^((/i + irir-2 + 1)^ Ai!A2!(mo,fc-Ai)! ^((/i + l^r^'^ + 1)^' 

Ai+A2=£i,Ai<mo,fc 

Following the proof of Lemma 7 in [15J, we get that for all A2 > 0, all r E D^, 

(68) 19^2 (7- -) I < X2\2^^+Hh + 1)^^'. 

V ^ I ^((/i + l)n7-'-2 + 1)^1 - ^ ^ ^ 

We take (jMi into (ETI) to obtain that 



^ Ai!(mo,fe- Ai)!' 
= /i!2'i+i(/i + l)^'V|r| + - i_^)'"o,. </j2'i+i(/i + l)^'\ 



The previous estimates may be applied in (|66|1 and they let us write 

— ^^17^^ — <2^ 2^ \bkkA 1^ 2 (/i + i)2 

which may be rewritten as 

no!/i!(/i + S'+l)'-2''° fc=ohi+fc2=/i,ftiG4 /i+/2=no (/i + 5'+ 1)'-2"° 



(/i + l)'-2'2 I^\h2\{h2 +k + iy2^^\q\^i,kh2 
Let us put 

\d'^mh{T)\ 

Wnc h '■= sup ^ -. — , nn > 0, /l > 0. 

resl + l)''i"o/''2 u _ , _ 

Prom ([U^ we deduce that 



5-1 



Now we define a multi-sequence by 

vi^h = wi,h, l>0, < h < S - 1, 

and by the following recurrence relations for uq > 0, h > 0: 

5-1 

fyr.^ ^rio,/i+5 _ \ ^ \^ I, I \^ pii+l VhM+k 

^ ^ nolhl ^ ^^"""'^ ^ hlh^llqr^'^'''' 

^ k=0 tn+h2=hM&h h+l2=no ^ ^ 
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It is clear that wi^h ^ vi^h for all / > 0, all /i > 0. Let us consider the functions 

Ckix) = ^\bks\x', 0<k<S-l, 

and 

oo 

1=0 ^ 

Due to the recursions (f70]) . one can check that the formal power series V{(,, x) = -7r"^'fT 
is a formal solution of the Cauchy problem (j62p . (j63p with initial conditions 



(a^y)(e,o) = MO ■■= E < J < 5 - 1. 



/>o 



It is immediate to check that, for any Xq > 0, we have G H(Toj,Xo) for < j < 5 — 1. 

From Theorem El and the fact that V{C,x) = En,i>o ^^"ff is the unique formal solution of 
([62]) . (IHHD . we can find Xi > and Ti > such that" 

5-1 

\v{^,x)\[^^^^^)<cj2m)\[To,„xo) 

j=0 

for a certain C > (depending on S ,q,Ck{x),mi^k, for < /c < 5 — 1 and Xo,Toj, for < j < 
5 — 1). From the last expression, one can obtain that 

1 \ " / 1 \ J 



1 \ " / 1 \ i 

1=0 

We conclude by the very definition of the multi-sequence {'Wn,j}n,j>o^ since 

max \d^W,{T)\ = WnAJ + ir"/'' < cJ^y(^Ynlj\{j + ir^^^^lq^'/^ 
as desired. □ 



7 Analytic solutions of the Cauchy problem with Fuchsian and 
irregular singularities 

Let Wfi be the initial data in the Cauchy problem ([SU]) . and suppose they are subject to the 
hypotheses of Theorem [2] and to the hypotheses in Theorem HI Those results give us a sequence 
of functions {Wh}h>o, holomorphic in Vq^ U for each /i > 0, and such that the series 

h>0 

defines a holomorphic function on Vq^ x C which solves the Cauchy problem. 
Moreover, from (j55|) . (|57p and (|6ip in the proof of Theorem [2] we know that 

(71) snp\WHixq')\ < KoC'\qfi\q\^h\ih\h^ 

x&V ^ 
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for all l,h>0. 

Let us choose A S ^ and 6 > 0. By ([7T|) we see that every verifies estimates as those in ([5]). 
If we choose an integer n{h) in such a way that Xq"'^^^ G Dh, then, according to Proposition [H 
the Laplace transform of Wh in the direction Xq^'^'^^q'^, which clearly equals Xq^, is given by 

.A,"(M,.., V- W^.(g-Ag"W) _ ^ Wnjq'^X) 

so that it deserves to be denoted by C'^{Wh){t). This function is well defined and holomorphic in 
the set 73vqn(h) g ,5 which is equal to T\^q^s,r{h)^ whenever r{h) < \Xq^^^\^^'^\T. We will show 
that these radii r{h) can be taken independent of h, equal to tq = |Ag-'^/^|T/|g| = |Ag'~^/^|r for 
every h > 0, and we will obtain precise estimates for the corresponding g— asymptotic expansions. 
Let us assume that the function Wh has the following Taylor expansion at 0, 

(72) ^^(-) = Ewfew^^'^' 

n>0 ^ 

where fn,h G C, n, > 0, and r € Dh- 

Proposition 3 In the situation assumed in this Section, there exist constants B(h), D(h) > 
(to be specified) such that 

n-l 

(73) \jo^{Whm - fm,hn < D{h)B{hr\qr(^-'y^\tr 

m=0 

for all n > 1, for all t € T\^q^s,ro- 
Proof 

According to the estimates (j64p in Theorem [H we can write 



(74) \-;j^^ = \^d-Wh{0)\<C,{^J{^^^ 



■q" 

for every n,h > 0, where we have put, for short, 



(75) C{h) = Ci[^yh\\q\-'''/^ A{h) = ^^{h + ir/'-\ h>0. 



For each h > we define 



so that 



ruh := max{m G Z : \q'^X\ < -^J^}^ 



(76) |g'"A|A(/i) < m< ruh. 

Also, we recall from Theorem [3] that Ti < 1/2, so 

1 1 

< 



2{h + l) 



^2 
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and we deduce that 

(77) q'^X eDh, m< rrih. 
Moreover, by the very definition of m/j, we have that 

(78) mh + l> , ' I, " , 1^1"'^+^ > 



log(kl) ' -2\\\A{hy 

Let if > be a fixed integer. Firstly, we give estimates for 'Ylim>m,h ^h{<f^X) /Q{q^\/t). Using 
(|7T]). ([H and (HH), we get 



^Q{q^\/ty- Ki6 ^lAK ' ' ^r|A||g|V2^ 



for all m > rrih, all t € TZx^q^s- For every t G T\^q,5,ro have |t| < < r|A||g| Using ([75]) . 
we obtain that 

Vf^^— r< V ^ ^ ^ 2|A|^(/i) 

hence 

^ 'e(g'"A/t)' ^ ifi<5(l - |g|-i)''^"'^"'"^X 



^|;^Je(,-A/t)'-ifi5(l-M-i)''^'^^'^-^X^ 1'^" ^|A|^ 

for all t e Tx,g,S,ro- 

In a second step, we give estimates for the sum Ylim<mh 

where the fn,h are defined in the Taylor expansion ([72]) . Taking into account ([72]) and (|77|) . we 
can formally write, as we did in the proof of Proposition [H 

(80) W,iq-X)/Qiq-X/t)-j:U,,e= qT^J E ^^^(^'"^r 

fn,h ( V- ('?'"^)" 



E Jn,h I \ ^ 
„n(n-l)/2 I e(g™A/t) 
n=0 ^ \m>rnh ' ' . 



for all t e C*. 

From dSO]) and dUD, we deduce that 

K 

(81) ! E ^^h('z"'A)/G(<?"^AA)-E/",^i"l<-4(t)+S(t) 

m<mii n=0 



where 



and 



B{t) = Y,c{h)A{hr(Yl 

n=0 \m>mh 



|(g"^A)"| 

|e(g™AA)| 
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for all teC*. 

We give estimates for A{t). Taking into account ([T5j) . we have that 
(82) 

A(f) < r(h) V 1 {A{h)\qr\X\)^+' ^ C{h)A{h)^+^ ^ (|gr"|A|/-^+^ 



for all t G C*. From (1131). we have that 



for all m > —rrih, all t G T^x,q,5- We deduce that 

for all m > — m/i, all t G TZx^q^s- From (j82]) . ([83]) and ([TG]) . we conclude that 

Ait) < ^ A(h)^i,mK-m^.K 

(84) < 
for all t G 7^A,<?,5- 

In the next step, we get estimates for B{t). From p^ . we have that 

|e(g™A/t)| > 

for all m > rrih, all t G TZx „ s- We deduce that 



K+l, 



|e(g"^A/t)| " A'i(5'|A|' 
for all m > nih, all < n < i^. Then, 

^t^, |0(9"AA)| i^i<5 |A| 1 - 

It is clear that > \q\ for < n < K, hence 

l-^FT^ — >l-kr\ 0<n<K. 

If we write 

^\q\K+l-n) ^\q\mh+l^ ^^^^ I ' 

from ([55]) we deduce that 
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By (j78p we know that 2^(/i)|A||g|'"'^^"^ > 1. For every real number x > 1 we have 

K K 



n=0 ra=0 

and we deduce that Y.n=o{'^^WMl\'^''^^T < {^A{h)\\\\q\'^h+i)K _ p^^so, we have \t\ < 
\Xq-^/'^\T whenever t € Tx,q,5,ro, and {K + l)iv:/2 = K + K{K - l)/2. Gathering all these 
facts and using ([78]) . we deduce that 

(86) < T^rW^T?^^ 

for all t G 7A,q,5,ro- 

Finally, using the estimates 

|5^W^;,((?-A)/e((?-A/t)-5]/„,,r|<| 5^ Wh{q"'X)/Q{q^X/t)-J2fn,hn 
meZ 71=0 m<mii n=0 

+ 1 VF,(g™A)/e(<?™A/t)| 

m>r?i;j 

we deduce from ([79]), ([HI]), ([Hi]), §6^ that 

n=0 

for all K > 0, for all t E 7A,g,5,ro5 with 



where Bi,B2 and B^ are positive constants that do not depend on h. In order to conclude, it 
suffices to write, for K > 1, 

K-l K 
n=0 n=0 

and take into account ([57]) and ([71|) . According to the expressions ([75]) and ([55]) . one obtains 
the estimates (1731) with 



(89) B{h) = Ai{h + lY^/'^\ D{h) = A2{h + lY^/''^h\Ai^\q\-'' /\ 

where Ai,A2 and A^ are again positive constants that do not depend on h. □ 
We are ready to obtain our main result. 

Theorem 5 Suppose Xj{t) = Ylrn>o ^ ^[[^1]; ^ ^ j ^ ^ — 1, are given initial conditions 

for the Cauchy problem (0), and let 

l(t,.) = 5^1,(t)^ = ^J]/„,,t-^ 

h>0 h>Om>0 
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be the only formal series solution of the problem (see Lemmal^. We suppose that the series 
Xj{t), < j < 5 — 1, are q—Gevrey of order 1, and that their formal q—Borel transforms 
of order 1, Wj(r) = BqXj^r), which are holomorphic functions around 0, indeed satisfy the 
assumptions of Theorems\^ and^ We also assume that the rest of hypotheses of Theorem\^are 
satisfied. Let 



W{T,z) = Y^Wn{T)- 



h>0 



be the solution of the Cauchy problem ( |^9[ ), \5(^) . corresponding to the initial conditions Wj, 
< j < S — 1. Then, we have that: 

1) The function X{t, z) = (W/i)(t)— is holomorphic in Tx^q^s,ro x C. 

h>0 

2) The function X(t, z) solves the Cauchy problem 

3) If ri > 1, given R > there exist constants C > 0, D > such that for every n G N, n > 1, 
one has 



-1 



(90) x{t, z)-Y,Yl f-^M'^Ti - + i))i9r^""'^/'iti" 

h>Om=0 



h\ 'r2 



for every t G Tx,q,5,ro, z G D(0, R). 

If ri = 0, given R > there exist constants C > 0, D > such that for every n G N, n > 1, one 
has 

(91) x{t, z)-Y,Yl ^^''^^"t^ ^ (7D"|gr("-i)/2|t|" 

h>Om=0 

for every t G Tx,q,5,ro, z G ^(O, R). 

Remark: Due to the estimates ()90p and ()9ip . we may say that the function X{t,z) admits 
the series ^ ^ ^ ^ fm.ht^ ~rT Q — fisymptotic expansion of order 1 in t, uniformly for z in the 

h>Orn>0 

compact subsets of C. It may be noted that, because of the small divisors problem we have 
dealt with, a new factor appears in the estimates, in terms of the Eulerian Gamma function. 
The value ri/r2 may be thought of as a sub-order, or a second- level order, in the asymptotic 
expansion. 

Proof 1) In view of (|73|) . for n = 1, and (|89|) we have that 



l^giWhm - /o,„| < Dih)Bih)\t\ <A,ih + l)2'-iAM2/i!4|g| 
for every /i > 0, every t G Tx^q^s,ro- On the other hand, by ([71|) we have that 

l/o,.|<Ci(i-)\!|gr^V2 

for every /i > 0. So, we conclude that there exist A^, > such that 

\c^q{WHm\<Aa^h\\q\-^"/'' 



-/l2/4 
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for every h >0, every t G TxM,s,ro- Then, for z G D{0, R) we have 



h>0 ' h>0 

SO that the series converges and the function it defines is holomorphic in Tx^g^s,ro ^ 

2) Since the series '^h>QWh{T)— is a solution of dM]), (f^Ol) . one can guarantee that X{t,z) is 
a solution of the Cauchy problem ([3]) , ([1]) by Proposition [2l 

3) For every n > 1, every {t,z) £ T\^q^s,ro x D{0,R), the sum 

h>Om=0 

is convergent, as we see from (j74|) . One may take into account (|73|) and (|89|) and write 

ft. n/i 
h>Om=0 ■ h>0 m=0 

h>0 

M 



(92) = ^A^|g|"("-l)/2|t|-^/jn(n+l)/r2(^^^);^|^|-{/.-l)V4. 

/i>l 

In case ri = 0, the conclusion easily follows, since the last sum is convergent and independent 
of n. In case ri > 1, we follow an idea of B. Braaksma and L. Stolovitch [5]. Let e > 0, and 
let 7 be a contour that goes from ooe~™ to — e along the negative real axis, then it turns once 
around in the positive sense, and it goes from — e to ooe*'^ again along the negative real axis. 
For 

(93) M = ^^i^^>0, 

r2 



Hankel's formula allows us to write 



hi" 1 



T{n + 1) 2m 
so that the sum in (|92p may be written as 

(94) r(^+l) y^ , 

= Y^t±Ay [ s-'^-'\q\-^'^-'^'/\AsRe-n^ds. 

We consider now the entire function 



F(z) = J] |g|-('^-i)V4^\ ze 



h>l 
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The series converges uniformly in every closed disc. Observe that as s runs over 7, its real part 
remains bounded above, and the same is valid for the modulus of A^Re^. So, we may write 

FiA^Re') = \q\~'^^'~^^'^\A3Re'f 

h>l 

uniformly in 7, and the dominated convergence theorem ensures that 
(95) Yl h-^-M-^''-^^''\A^Re'fds= f s~^^-^Y.\^\'^'''^^" '\A;Re'f ds 



/i>l-'T •'T h>l 

-f'-^F{A-iRe')ds. 



I 



'7 

Moreover, F^A^Re^) remains bounded as s runs over 7, say by M > 0, and it is easy to obtain, 
estimating on each of the three parts of 7, that 

96) / s-^'-^F(A3Re') ds\ < 2 + < , 

where M > is some suitable constant independent of h. Gathering ([92]) . ([95]) and ([96]) . 

we see that 

x(t,z)-2^2^/^,,t - <^AM \t\ 

h>Om=0 ^ 

It suffices to recall that r{fj. + 1) = nT{fj,) and the definition of fj,, ([93]) . in order to conclude. □ 

Remark: All the results in this work are valid for any ri > 0, but the case ri = 0, as it may be 
seen in the last Theorem, deserves some attention, since the Fuchsian singularity at z = does 
not appear any more. The most important consequence of this fact is the disappearance of the 
small divisors phenomenon we had in general. 

Moreover, the condition 1) in Theorem [2l concerning the argument of q and the set V, can be 
relaxed. Indeed, the estimates ()53p hold if one assumes that there exists 6 > such that 

(97) dist(F"2g''2^, {-!})> 5, 

where dist is the Euclidean distance between two sets in C. For example, suppose V is such that 
there exist i?i , R2 with 

< i?i < \x''^ \ < R2 
for all X gV, and suppose that R2 < \q\Ri and there exists j € Z such that 

\qr^R2 < 1 < igr^^-^'+^^i?!. 



Then, one can easily check that the condition (|97p holds. 

In Theorem H] all the functions Wh are holomorphic in a common disc, say D, and there exist 
constants Ti , Xi > such that 

sup|a"iy,(r)| < Ci(^Y(^Ynlj\\q\-^"/^ 



for every n,j > 0. The proof of Proposition [3] admits some simplification, and one obtains that 

n-l 

\^^,{Whm - Y fm^n < A2h\A^\qr>''/^A^\qr(^-'y^\tr, 

m=0 

for every h > 0, n > 1. Finally, no sub-order appears in the 5— asymptotic expansion of the 
solution X{t, z). 
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